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1 Introduction 



Generalized complex structures [TOJ [TO] have been extensively studied recently due to their close 
connection with mirror symmetry. They include both symplectic and complex structures as extreme 
cases. 

As it is well-known in symplectic geometry, a useful way of producing new symplectic manifolds is 
via the so called Marsden-Weinstein reduction [23] . This is a procedure for constructing symplectic 
manifolds from a Hamiltonian system with symmetry admitting a momentum map. Let us recall 
this construction briefly below. Suppose we are given a symplectic manifold (M, lj), an action of a 
Lie group G on M preserving the symplectic form, and an equivariant momentum map /U : M — ► g*, 
i.e. li satisfies the relations: 

H(g • x) = Ad*_x fj,(x), \/g € G, x 6 M 

and 

A Jw = d(fi, A) , VA £ g, 

where A denotes the fundamental vector field generated by A £ g. Assume that is a regular value 
of the momentum map fx so that the preimage Mq = /i _1 (0) is a G-invariant smooth submanifold. 
Moreover, if we assume that the G-action on Mq is free and proper so that Mq = Mq/G is a 
smooth manifold, then it inherits a natural symplectic structure [23] (see [27] for the symplectic 
reduction in singular case). In the context of Poisson manifolds, a reduction procedure was carried 
out by Marsden-Ratiu [24] and Ortega- Ratiu in the singular case [25]. See |26j for a beautiful 
comprehensive study on Hamiltonian reductions. 

On the other hand, since there is no such notion of momentum maps for complex manifolds, there 
does not exist a general scheme of reduction of G-invariant complex structures in the literature as far 
as we know. However, for a G-invariant Kahler manifold which admits an equivariant momentum 
map for the symplectic structure, one can prove that the complex structure can also descend to 
the symplectic reduced space Mq = Mq/G so that Mq becomes a Kahler manifold. This is the so 
called Kahler reduction. 

There are several versions of Kahler reduction, which were due to Guillemin-Sternberg [11], Kirwan 
|16| . and Hitchin et. al. [12] respectively. A careful examination of the argument used by Guillemin- 
Sternberg in [llj shows that the following identity: 

T X M = T X M © j(T x (G • x)), Vx e M , (1) 

plays an essential role in carrying out the reduction for the complex structure, where j : TM — > 
TM is the complex structure of the Kahler manifold. Equation ([1]) holds automatically when 
Mq = /x _1 (0) is the level set of the momentum map li : M — > q*. Indeed this is exactly why the 
symplectic reduced space Mq = Mq/G inherits a complex structure. 

A natural question arises as to whether there is a reduction procedure for a G-invariant generalized 
complex structure which combines the above two special cases. More precisely, the question can be 
formulated as follows. 

Let J be a generalized complex structure on a manifold M, which admits an action 
of a Lie group G preserving J. Assume that Mq is a G-invariant smooth submanifold 
and the G-action on Mq is free and proper so that Mq := Mq/G is a smooth manifold. 
Under what condition does J descend to a generalized complex structure on Mq? 
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In this paper, we describe a sufficient condition for such a reduction. Our condition comprises many 
well-known examples as special cases including the above two important cases. In particular, even 
when J is a honest complex structure, we derive some interesting condition for the reduction of the 
complex structure to hold, which seems to be new. 

Below let us describe the main idea of our approach briefly. There are several equivalent definitions 
of generalized complex structures. A useful one for us is that a generalized complex structure on a 
manifold M is a pair of transversal (complex) Dirac structures (E + , EL ) on M which are complex 
conjugate to each other. In other words (E + ,E_) constitutes a (complex) Lie bialgebroid in the 
sense of |20| (see [19]). Roughly, our approach is as follows. Using the inclusion map Mq — > M, 
one may pull back E± to Mq to obtain a pair of complex conjugate Dirac structures on Mq. Since 
J is G-invariant, using the push forward map Mq — > Mq/G = Mq, one obtains a pair of complex 
conjugate Dirac structures E'± on Mq. To ensure this gives rise to a generalized complex structure 
on Mq, a necessary condition is that E' + n E'_ = 0. However, there is a subtlety. It is due to the 
difficulty that pull back and push forward of Dirac structures may not be smooth bundles. This 
forces us to impose some extra smoothness assumptions. Indeed, in this paper we combine the 
pull back and push forward steps together to derive a sufficient condition for the reduction. Note 
that Dirac reduction in the real context has been first studied by Blankenstein (see [31 E]) and by 
Blankenstein-Ratiu in the singular case [5] in connection with the study of Hamiltonian mechanics. 

One may easily check that if one starts with a symplectic structure, the reduced generalized complex 
structure is still symplectic, while reduction of a complex structure is still a complex structure. 
Thus the two examples above are indeed special cases of our general condition. As an application, 
we study reduction of generalized Kahler manifolds, which generalizes the usual Kahler reduction 
[HJ [HI [16] . Our paper only deals with the analogue of regular Kahler reduction. See [15] for the 
singular case. 

The paper is organized as follows. In Section 2, we recall some basic materials in Dirac geometry. 
In particular, we describe the pull back and push forward constructions. In Section 3, we recall 
several equivalent definitions of generalized complex structures. Section 4 is devoted to the study 
of reduction of generalized complex structures. As corollaries, we consider several special examples 
including the reduction of usual complex structures, and the I?-transform of symplectic structures. 
In Section 5, we give an explicit description of the reduced generalized complex structure in terms 
of the endomorphism Jq of the vector bundle TMq © T*Mq. In Section 6, as an application, we 
investigate the reduction of generalized Kahler structures. 

As a special case when G = {*}, our main results would lead to conditions which guarantee sub- 
manifolds of a generalized complex manifold to inherit natural generalized complex structures. This 
topic was studied in detail separately by Barton and the first author pQ. Note though that the first 
investigation of the submanifolds of a generalized complex manifold was [2] . 

The results of this paper were announced at the conference "Poisson geometry" held in Trieste 
in July, 2005, where we learned that Bursztyn-Cavalcanti-Gualtieri [6] were working on a related 
subject. Subsequently, we noticed that there have appeared several papers studying similar topics 
independently, including the one by Hu [14] the one by Lin-Tolman [21J and the one by Vaisman 
[29]. It would be interesting to clarify the relations between all these approaches. 

Notations We denote by Vq the complexified V <8> C of a vector space V. Likewise, TqM and 
T^M respectively denote the tangent and cotangent bundles of a manifold M. If W is a vector 
subspace of V , W° denotes the annihilator subspace of W inside V*. And if V is endowed with an 
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inner product, W denotes the subspace of V orthogonal to W. Finally, i denotes the imaginary 
number \/—T. 
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2 Dirac geometry 

In this section, we shortly review some basic ingredients of Dirac geometry which will be used in 
this paper. For details, see [8]. 

Given a vector space V, we consider the direct sum V © V* endowed with the inner product 

(X + ^Y + r ) ) = ^(Y) + r ) (X)), VX,YgV, £,7?gF*. 

We denote by p and p* the natural projections of V © V* onto V and V* respectively. A Dirac 
structure on V is a maximal isotropic subspace of V © V* with respect to (•,•). The set of linear 
Dirac structures on V is denoted by Dir(V). 

Alternatively, a Dirac structure on a vector space can be described as follows. Let L G Dir(V). 
Since L is isotropic with respect to (•,•), there exists a natural skew-symmetric bilinear form A on 
L defined by 

A(X + £, Y + rf) = £(Y) = -7](X), VA + e, Y + r, G L. 
One easily checks that 

A(X + S l ,Y + r )1 ) = A(X + Z 2 ,Y + V2 ), VA + &,Y + m e L, i = l,2 

and 

A(X 1 +t,Y 1 +7 1 )=A(X 2 + Z,Y 2 + V ), VXi + ZM + rieL, i = l,2. 
Hence, there exists a 2- form Q on p(L) and a 2-form tt on p*(L) defined, respectively, by 

n(X,Y)=A(X + ^Y + rj) = -TT^,rj), VA + £,Y + n €L L. 



Let A <E p(L). Then there is a £ G V* such that A + £ G L. And we have 0(A, Y) = £(Y), VT G 
or, equivalently, A_IJ7 = where Curn denotes the restriction of £ G V* to p(L). Thus 



A + £ G L 



A G p(L) 
A_IS7 = £| p (l). 



Thus knowing the Dirac structure L on V is exactly the same as knowing the subspace p{L) of V 
and the 2-form $7 on p(L). Similarly, L is equivalent to the pair (p*(L),ir). 
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Therefore, we have the converse: any subspace R C V endowed with a 2-form Q defines a Dirac 
structure 

on V and any subspace R* C V* endowed with a 2-form n defines a Dirac structure 

{X + £|£ V,n(S,ri) = -v(X) ,Vt7 € R*} 

on V. 

Dirac structures can be pulled back and pushed forward using a linear map. Let V W be a 
linear map. Consider a Dirac structure L^y on W and its associated pair (p(Lw),&L w ) ■ The 
2-form f^L^ pulls back to the preimage c/> _1 (p(L\y)) , yielding the pair (cf)" 1 (p(Lyy)) , 0*17^^). The 
Dirac structure on V associated to this new pair is called backward image of L\y through <fi and is 
denoted by B4>(Lw). 

Let W* V* be the dual of <fi. Consider a Dirac structure Ly on V and its associated pair 
(p*(Lv),irL v )- The pullback of the 2-form ttl v to the preimage (</>*) _1 (p*(Ly)) is equal to <fmi, v . 
The Dirac structure on W associated to the pair (p*(Ly)) , <Ml v ) is called the forward image 

of Ly through <p and is denoted by T<f>{Ly). 

One easily checks that 

B<p(L w ) = {x + <f>*£\x e^e w* , 4>x + £ g l w } 

and 

F<j){L v ) = {<f,{X) + £\X G V,£ G W*, X + <f £ G Ly}. 

Let M be a smooth manifold. A Dirac structure on M is a smooth subbundle L C TM © T*M 
which determines a Dirac structure in T m M © T^M for each m G M and whose space of sections 
is closed under the (skew-symmetric) Courant bracket on T(TM © T*M) defined by 

[x + £ y + v ] = [x, y] + c xv - c Y i + \d{z<y) - v (x)) , 

VX,Y G X(M), Cry G fi^M). 

In general, the Courant bracket does not satisfy the Jacobi identity. However, it does when being 
restricted to the space T(L) of sections of a Dirac subbundle L C TM © T*M. Then L —* M 

inherits a Lie algebroid structure with the projection L — ^* TM as anchor map and the restriction 
of the Courant bracket as Lie algebroid bracket [8] . 

Although the backward and forward images of a Dirac structure through the differential of a smooth 
map are always pointwise Dirac structures, they are generally not constant rank smooth vector 
bundles. The remainder of this section is devoted to the description of situations in which backward 
and forward images of Dirac structures are again Dirac structures. 

Definition 2.1. Let M N be a smooth map. Two generalized tangent vectors X+^ G TM©T* M 
and Y + 77 G TN © T*N are said to be ip-related, denoted by X + £ -w Y + 77, if </?*X = y and 
99*77 = £. Clearly, this notion extends to sections. 

Lemma 2.2. Assume that a\ 4 G T{TM ®T*M) and a l N G r(lW ©T*iV) safe/y cr^ ■& cr^, w/iere 
7 = 1,2. TTien 

where the bracket on the LHS refers to the Courant bracket on T(TM © T*M) while the bracket on 
the RHS refers to the Courant bracket on T(TN © T*N). 
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Proof. Write a l M = X i + f and ct^ = + r/, where X* G 3t(M), f G ^(M), Y l G X(iV) and 
ry* 6 ^(iV) for i = 1,2. Since o l M and cr^ are (/J-related, ip*X l = Y % and (y2*7f = £ l for i = 1,2. 
Then 

Hi,, = [x 1 , x 2 ] + £ xl ^ 2 - r^ 1 + M^(x 2 ) - e 2 ^ 1 )) 

and 

[a^, a 2 ,] = [Y 1 , Y 2 ] + /W - /W + ^(^(F 2 ) - ^(Y 1 )) . 

Now 

^[X 1 ,^ 2 ] = [p*X\<p*X 2 ] = [Y\Y\ 

and 

(p*(£,Y ir ] 2 ) =^*(iyic??? 2 + diyirj 1 ) 

=i x ^*dr ] 2 + d{e{X 1 )) 
=i x id? + di x iti 2 

=c X ie. 

Similarly, we have 

^(£ Y2 r ] i )=£ X2 e. 

Finally 

^(r ? 1 (y 2 )-r ? 2 (y 1 ))=4e 1 (x 2 )-e 2 (x 1 )) 

since 

^V(Y 2 )) = V *tf{<p.X*)) = (tp* V 1 )(X 2 )=e(X 2 )- 
This concludes the proof. □ 

Recall that a generalized smooth subbundle of a vector bundle E — > M is a subbundle V C -E 1 
(whose fibers may not be of constant ranks) such that for any vector v <E V m there is a a local 
smooth section s of V extending v, i.e. s\ m = v. 

Proposition 2.3. 1. Let M —> N be an embedding and Ln a Dirac structure on N . If, for any 

vector v m G Bi(Lj^), there exists a local smooth section s of Ljv defined in a neighborhood of 

i(m) G N, such that si M G T\ oc (i*TM © T*N\m) and v m -w s|j/ m ), i/ien B<P(Ln) is a Dirac 
structure on M. In particular, the above condition holds if Ln\m H (j*(TM) ©T*./V|m) *s « 
generalized smooth subbundle. 

2. Let M be a smooth manifold endowed with a proper and free action of a Lie group G. Let it 
denote the canonical projection of M onto N := M/G. If Lm is a G-invariant Dirac structure 
on M, and for any vector v n G Ttt{Lm), there exists a local smooth section s of Lm defined in 
a neighborhood of a point m G M in the fiber of n over n such that s G T\ oc (TM © ir*(T*N)) 
and s\ m •w v n , for instance when L M n (TM © ir*(T*N)) is a generalized smooth subbundle, 
then Ttt[Lm) is a Dirac structure on N. 

Proof. (1). First, we observe that Bi(Ljy) is well-defined since i is injective. The assumption implies 
that any vector v m G Bi(L^) admits a local section s of Bi(L^) such that s -w s, where s is a local 
smooth section of L^ defined in a neighborhood of i(m) G N such that s\m G T\ oc (i*T M ®T* N\m) ■ 
Then s must be a smooth local section. Therefore Bi(Ljy) is a smooth subbundle. 
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Now for any point m G M, take a basis {t> fc G i3i(Ljv)| m } fceftr - Let s fc be a local section of Bi(L^) 

through v k as above. Then s k s fc , where s k is a local smooth section of L^. Thus [s fc ,s'], V/c,Z, 
is still a local smooth section of Bi(L^) according to Lemma 12.21 Hence it follows that Bi(L^) is 
Courant involutive. 

For the second part, note that any element v m G Bi{Ln) naturally induces an element Uj( m ) G 

-Ljv|m n (i*(TM) © T*iV|jvr) such that v m —» Thus the condition is satisfied since Ljv|m H 

(i*(TM) © T*A^|m) is a generalized smooth subbundle by assumption. 

(2). First, we observe that J-tt(Lm) is well-defined since Lm is G-invariant. Now for any vector 
v n G Ttx{Lm)i let s be a local section of Lm defined in a neighborhood of a point m G 7r _1 (n) such 
that s G T\ 0C {TM © tt*(T*N)) and s| m u„. Let L C M be a slice through m transversal to the 
G-orbits. Since Lm is G- invariant, there is a local smooth section s of Lm such that s\l = s\l- It 
is clear that s G Y\ oc {TM © tt*(T*N)). Hence it induces a local section s of ^^{Lm) through v n . 
Therefore Ttt{Lm) is indeed a smooth subbundle. The rest can be proved similarly as in (1). □ 

3 Generalized complex structures 

Let V be a vector space. Consider a linear endomorphism J of V © V* such that J 2 = —I and J is 
orthogonal with respect to the inner product 

(X + Z,Y + V ) = ^(Y)+ V (X)), VX,Y£V, Z,veV*. 

Such a linear map is called a linear generalized complex structure by Hitchin and Gualtieri [10\ I13j. 
The complexified vector space (V © V*) © C decomposes as the direct sum 

{V®V*)®C = E + ®E_ 

of the eigenbundles of J corresponding to the eigenvalues ±i respectively, i.e., 

E± = {{X + T iJ(X + £)\X + £ G V © V*}. 

Both eigenspaces are maximal isotropic with respect to (•,•) and they are complex conjugate to 
each other. 

The following lemma is obvious. 

Lemma 3.1. The linear generalized complex structures are in 1-1 correspondence with the splittings 
(V © V*) © C = E + © E- with E± maximal isotropic and E- = E + . 

Now, let M be a manifold and J a bundle endomorphism of TM © T*M such that J 2 = —I, and 
J is orthogonal with respect to (•,•). In the associated eigenbundle decomposition 

(TcM © T^M) = E + ® E-, 

if T{Ej r ) is closed under the (complexified) Courant bracket, then E + is a (complex) Dirac structure 
on M and one says that J is a generalized complex structure [10J 03] . In this case, E_ must also be 
a Dirac structure since E- = E + . Indeed (E+ , E- ) is a complex Lie bialgebroid in the sense of [20] , 
in which E + and E— are complex conjugate to each other. 

The following proposition gives two equivalent definitions of a generalized complex structure. 
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Proposition 3.2. A generalized complex structure is equivalent to any of the following: 

1. A bundle endomorphism J of TM © T*M such that J is orthogonal with respect to (•,•} and 
J 2 = —I satisfying 

[Jei,Je 2 ]-[ei,e 2 ]- J([Jei,e 2 ] + [ei,Je 2 ]) = 0, Ve x , e 2 G T{TM © T*M). (2) 

y4 complex Lie bialgebroid (E+,EJ) such that its double is the standard Courant algebroid 
TcM © T^M , and E + and E_ are complex conjugate to each other. 

Proof. 1 =>■ 2 As above, E± are the (zti)-eigenbundles of J. Since Eq. ((2|) exactly means that 

[ei T iJei, e 2 T i«/e 2 ] G r(#±), Vei, e 2 G T(TM © T*M), 

it is equivalent to the involutivity of T(E±). 

2^1 Define J : T C M © T^M -> T C M © T^M by setting J| £+ = i/ and J| E _ = -iJ. Since 

and E- are complex conjugate to each other, we have Je = Je, Ve G T^M ®T^M . Therefore 
J must be the C-linear extension of an endomorphism of TM © T*M. It is easy to check that 
J indeed satisfies all the axioms as in (1). 

□ 

The following are two standard examples [10\ [13] . 

Examples 3.3. 1. Let j be an almost complex structure on M. Then 




is (•, -)-orthogonal and satisfies J 2 = —I. J is a generalized complex structure if and only if j 
is integrable. 

2. Let w be a nondegenerate 2-form on M. Then 




where oj\, : TM — » T*M is the bundle map X i— > X Ju, is a generalized complex structure if 
and only if du = 0, i.e., u is a symplectic 2-form. 

4 Reduction using Dirac structures 

Let M be a manifold, J a generalized complex structure on M and an action of a Lie group G on 
M preserving the generalized complex structure J. In other words, we have a group homomorphism 
tp : G — > Diffeo(M) : g ^ (p g such that, V<7 G G, the bundle endomorphism 

TM © T*M TM © T*M 
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(defining the induced G-action on TM © T*M) commutes with J, where (f> g = ip gif © V^-i- As in 
Section [3J by E± we denote the (±i)-eigenbundles of J. 

Let Mq be a G-invariant submanifold of M with a free and proper G-action so that the quotient 
space Mq := Mq/G is a smooth manifold. Thus one has the following maps: 

M ^ M M G 

The main question that we investigate in this section is: under what condition does Mq inherit a 
generalized complex structure ? 

Since 7r is surjective and J is G-invariant, E'± := J r 7r(i3i(i?±)) are well-defined, complex conjugate 
pointwise Dirac structures on Mq. It is simple to check that 

E'± = {ir*X + £'\X G T C M , £' G T^Mq and 3£ G T^M st U + {G E± and 7r*£' = 

One possible way to ensure that E'± are Dirac structures is to use Proposition 12,31 by considering 
the pull back Dirac structure Bi(E±) and then the push forward structure Tir(Bi(E±)) . Below, 
however, we will combine these two steps together, which enables us to obtain a stronger result. 

In what follows, the foliation of Mq defined by the G-orbits will be denoted by T, and (TTf and 
(TMq) will denote the annihilators of TT and TMq in TM along the submanifold Mq. 

It is clear that any element i*X m + £j( m ) G TMq © (TTf induces an element 7r*X m + £^ m \ G 
TMq © T*Mq where £' n / m \ is defined by i*£n(m) = ^*C' n ^ m y Indeed, one has a bundle map 

TMq © (TTf — TMq © T*M G . (3) 
M »■ Mq 

The element uX m + & (m) G TM © (TTf is called a lift of vr*X m + ^ (m) G TM G © T*Mq. Note 
that, for a given element u n G TMq © T*Mq, there exists many different lifts. Indeed, there is a 
choice of point m in the fiber 7r -1 (ra) C M involved and II has TT® (TM )° as non trivial kernel. 

Proposition 4.1. TTie following assertions are equivalent. 

1. E' + nE'_=0 

2. (E + + T C T) n (T C M © (T c Tf) n (£_ + (T C M ) ) C T c ^ © (r c M ) 

5. If z £ T C T © (T C M )° raa/i z = z + + z_ such that z± G £7 ± and z± G T C M © (T C T)°, t/ien 
z± GTc^ffi(r c M ) . 

^. J(T^© (TMq) ) n (TM © (TJF) ) c TT © (TM )° 

5. J (TMq © (T^)°) C (TM © (TTf) + J(TT®(TM f) 

6. TMq © (TJF) = (TM © (TTf) n J(TM © (TTf) + (TT ® (TMq) ) 

7. T C M G © TZM G = E'+E'_ 
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Proof. Q] ^ [2] Note that 



E' + f]E'_ = {X' + f G T C M G © T^M G |3X± G T C M and £± G 7?M, Mo 

such that i*X± + £± G i?±, n*X± = X' and = 7r*£'}. 

Thus, in particular, we have 

X± g T C M e± e PtF) 

X_ - X + G / ; ./• £_ " e (T C M )°. 

Assume that there exists an element X'+£' 7^ in E' + P\E'_. Then there exist i*X±+£± G E± 
with X± G T^Mq and £± G T^M| Mo as above. In particular, 

i,A_+£+ G (r c Mo©(T c ^) ). 

Since I /J~ C T^Mo, we get 

i*X- + = («*^+ + f+) + - G + VV.7". 

On the other hand, we have 

+ u = {i*x- + e_) + (e+ - e-) e + (t c m ) . 

Hence 

+ i + G (£+ + r c .F) n (T C M © (T c jr)°) n (E_ + (T C M )°) . 

Now X' + £' ^ implies that + £ + must not belong to T^T © (TcMq) . Thus, we have 

proved that E' + n -EL 7^ implies 

(£+ + T C F) n (T C M © (T c ^)°) n (E- + (T C M )°) £ T C F © (T C M )°. 

It is an easy matter to show that the converse is also true. 

HI=*Gfl Take A + f G T c ^ © (T C M )° and assume that A + / = z + + z_ with z± G £± and 
z± G T^Mo © (Tc^") . Then z + — A = — z_ + / is an element of the triple intersection of the 
LHS of ©. Hence z± G T c ^ffi (T C M )°. 

[3] =^ [2] Any element z in the triple intersection can be written both as v + A and w + / for some 
v G £+, i G TcJ^, iceE_ and / G (T C M )°. We have w-v = A- f G TtF© (T C M )°. The 
assumption © implies that v,w £ T C F ® (T C M )° . And, finally, 2 = u + i G r c ^©(r c M ) . 

H^H Since T C M = E + © EL, the only solution to 2 = z + + z_, where 2 G T c ^" © (r c M ) 
and z± G £7±, is z± = \{z T UV)- Since T C .F © (T C M )° C T C M © (T c ^)°, one has 
z± G T C M © (T c ^)° if and only if Jz G T C M © (r c ^)°. Thus condition © can be rewritten 
as 

z £ T C F ® (T C M )° \ o 
Jz G T C M © (T C ^)0 j JZ E T ^ ^ cM °) 

which is equivalent to ([4]). 

[4]^4>[5] Dualising one condition by taking the annihilator with respect to (•,•) and applying J to 
both sides yields the other one. 
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[5] 44> [6] Since J 2 = —I, (|5|) is equivalent to 

TM © (T^)° c J (TMo © (T^)°) + (T.F © (TM )°). 

Remembering that TJ 7 © (TMo) C TMo © (TJ 7 ) , the equivalence with ([6]) is obvious. 

Any element v G T C M G © T^M G has a lift 5 G T C M © (T c ^)°. By ©, there exists 
fc G TcJ 7 © (T C M ) such that v — k <E (T C M © (T c ^)°) n J(T C M © (T C .T) ). Then 
the vectors ±(J - iJ)({3 - k) and + iJ)(£ - k) belong to T+ n (T C M © (T C .F) ) and 
E_ n (TcMq © (Tc^ 7 ) ) respectively and are thus the lifts of a pair of vectors v + G E' + and 
G E'_ such that t> = v + + t> _ . 

[3 =>- [6] Let v be a vector of TM ffi(T.T) . It is a lift of some vector v G TM G @T*M G . Hence t> writes 
as a sum u = v + + «_, where i> + G and u_ G -EL- Choose lifts v + G E + n (T^Mq © (Tc^ 7 ) ) 
and V- G T_ n (TcMd © (TcJ 7 ) ) of u + and V- respectively. Then v + + V- is a lift of u and 
belongs to (T C M © (TcFf) n J(T C M © (T c ^)°). And u = Re(t>+ + u_) is still a lift of u 
since visa real vector. Moreover 5 G (TM © (T.T) ) n J (TMo © (77 7 ) ). Let A; = v - v. 
Then it follows that k G TJ- © (TMo) since both ?) and v are lifts of v. 

□ 



As an immediate consequence, we have 

Corollary 4.2. The direct sum decomposition TqMq © T^M G = E' + © E'_ holds if and only if any 
element of TMq © T*M G has a lift in (TM © (TT)°) Pi J(TM © (TFf) . 

Proof. By Proposition I4.lt the direct sum decomposition holds if and only if 

TM © {TFf = (TM © (TF)°) n J(TM © (IT 7 ) ) + (TF © (TM )°) . 

The result thus follows from the fact that ker n = T.F© (TMo) an d the surjectivity of II, where II 
is the map as in Eq. ([3]). □ 

It is clear that any G-invariant (local) section a of TMo © (TJ 7 ) — ► Mo induces a (local) section 
a of TMq © T*M G — > M G . Here, G-invariant local sections must be understood in the following 
obvious sense: cr(mi) = 9 • a(m2), for all m\,rri2 G £/ such that mi = 5 • for some g £ G. 
Hence, the bundle map ([3]) induces a map 

r loc (TM © (TFff — > r loc (TM G © T*M G ). 

Definition 4.3. Let J7 be an open neighborhood in M. A local section a G T{(TM ®T*M)\ V ) G is 
said to be a Za/t of a local section a G r((TM G ©T*M G )| 7r ( l/nMo )) if <J|{/ n M G ^((™o®(TF)°)\ UnMo ) 
and the diagram 

(TM © (TjF) ) |[7nMo __3>. (TMq © T*M G ) k(l/nMo) (4) 

CT |E/nM 

c/ n m tt(u n M ) 

commutes. 

Lemma 4.4. Given any local sections <j\,gi G Y\ oc {TMq®T*Mq), assume that &\,&2 G ri oc (TM( 
T*M) G are any of their lifts. Then 
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1. [d u a 2 ]er loc (TM(BT*M) G , 



2- [^i,ff 2 ]|Mo e r loc (TM © (Tf)°) G , 

3. no[cri,cr 2 ]|Mo = [ci)0"2]°7r> 

where the Courant brackets are taken inY\ oc {TM®T*M) andY\ oc {TMc®T* Mq) as is appropriate. 
In other words, [ai,^] is a lift of [o~i,a2\. 

Proof. 1. Assume that a\ = X + £ and a 2 = Y + rj, where X, Y G £ loc (M) G and £, r/ G il 1 1 oc (M) G . 
Then 

[a h a 2 ] = [X, Y] + Cxv ~ Crt + - *7(*)) 

is clearly G-invariant. 

2. First [X,y]| Mo G £(M ) since X and F belong to £(M ). Now, 

(£xr?)(i)|M = X{n(A)) lMo - rj([X,A]) lMo , VA G Q. 

Since 77(^4.) |jv^o = ^ ano - * s tangent to Mq, we have X{t)(A)), Mo = 0. Moreover, = 

because X is G-invariant. Hence (Cxv)(A)\m = 0- I n other words, Cx~n\M Q £ (TJ 7 ) . 
Similarly, £y£| Mo G (T^)°. Finally, - r;(X)) G (TF)°. For £(F) - r/(X) is a G- 

invariant function. Therefore we have [<5i, <5"2]|m G T\ oc {TMq © (TJ r ) ) G . 

3. By (7i, o"2, we denote the sections of ri oc (TMo ©T*Mo) obtained by considering the cotangent 

parts of G\ and 02 as elements in T*Mq. It is clear that cfj <7j and <7, o"j. The conclusion 
follows from Lemma 12.21 

□ 

Proposition 4.5. Assume that, given any element v n G TMq ®T*Mq, there exists a local smooth 
section £ 0/ (TMq © (T.F) ) n J(TMq © (T.F) ) — ► Mo around some point m G 7r _1 (n) suc/i t/iat 
£| m is a Zi/t of v n . Then the following assertions hold: 

1. The subbundles E'± C T C M G © T^M G are smooth. 

2. Any smooth (global) section ofT{E'±) locally admits a lift to a local section in F(E±) G . 

Proof. 1. Since E'± has constant rank, it suffices to prove that any element v n G E'± admits a 
smooth local section passing through it. Let C be a local section of (TM © (TJF) ) n J(TM © 
(TJF) ) defined in an open neighborhood containing vn with 7r(rn^ — n such that (^\m is a 
lift of v n . Shrinking V if necessary, we can extend £ to a local section of TM © T*M — > M, 
denoted by the same symbol £, and defined in an open neighborhood U of Mo such that 
U n Mq = V. Now take a slice L in [/ through the point m and transversal to the G-orbits. 
Such a slice always exists if U is taken small enough. Let a be the unique G-invariant section 
of r((TM © T*M)\u) such that a\ L = (\ L . Set f = |(I =F iJ)°cr. It is clear that f G T(E±p) 
is a local G-invariant smooth section such that f^ UnMo G ri oc (TMo © (T.F) ) G . Therefore, it 
induces a smooth section r G ^(E^, /^) through the element i> n . 
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2. Let v G T(E' + ) be any smooth section around the point n G M^. Choose a basis , 
of E' + i n . Let r J be the local smooth section of E' + through the element v l n constructed as in 
Q. Then {rV} i=1 .. 

k is a basis of E' + \ n i when n' is in a sufficiently small neighborhood V 
around n. Thus 1/ = £ /i^ for some G C°°(F). Let f' G T(E±\u) be the lift of r' as in (JU) 
defined on an open neighborhood U such that U D Mo = 7r _1 (V). Choose G C°°(U) G such 
that fi\M nu = n *fi- Such /j always exist if f7 is chosen sufficiently small. Then v = Y1 h^ 1 
is a lift of in T(E±) G . 

□ 

We are now ready to state the main theorem of this paper. 

Theorem 4.6. Let M be a manifold endowed with an action of a Lie group G. Let J be a G- 

invariant generalized complex structure on M . And let Mq be a G -invariant submanifold of M 
where the G -action is free and proper so that the quotient Mq = Mq/G is a manifold. Assume that, 
given any element v n G TMq © T*Mq, there exists a local smooth section £ of (TMq © (T.F) ) n 
J(TMq © (TJ 7 ) ) — ► Mq around some point m G 7r _1 (n) such that C\m is a lift of v n . Then there is 
an induced generalized complex structure Jq on Mq. 

Proof. This follows from Corollary 14.21 Proposition 14.51 and Lemma 14.41 □ 
Lemma 4.7. The hypothesis of Proposition [~/T5| is satisfied when 

(TM Q © (TT) ) n J (TM © (TT)°) is a generalized smooth subbundle (5) 

and 

J(TT®(TM )°) n (TM © (TT)°) cTf® (TM )°. (6) 

Proof. For any vector v n G TMq © T*Mq, according to Proposition 14.11 and Corollary 14.21 Eq. ([6]) 
implies the existence of a lift Cm ofv n in (TMq®(TT)°) n J(TM ®(TT)°) . Since (TM ffi (TT)°) n 
J(TMq © (TJ 7 ) ) — ► Md is a generalized smooth subbundle, it admits a local section £ around m 
in Mo which extends Cm- D 

Theorem 4.8. Ze£ M be a manifold endowed with an action of a Lie group G, and J a G-invariant 
generalized complex structure on M . Assume that Mq is a G-invariant submanifold of M where 
the G-action is free and proper so that the quotient Mq = Mq/G is a manifold. Then there is 
an induced generalized complex structure on Mq if the hypotheses © and ([6]) of Lemma |^.7| are 
satisfied. 

Theorem 14.81 has several important consequences. 

Corollary 4.9. Under the same hypothesis as in Theorem \4-8\ if moreover 

J(TT © (TM )°) = TT © (TM )°, (7) 
then Mq admits an inherited generalized complex structure. 

Proof. Since J is orthogonal and TM ®(TT)° = (TT®(TM )°)' L{ ''' ) , Eq. implies that J(TM © 
(TT)°) = TM ®(TT)°. Hence (TM ©(T^)°n J(TM ®(TT) )) = TM ©(Tf)° is smooth. And 
Eq. © is satisfied since TT® (TM )° C TMq © (TT)°. The result follows from Theorem UTS □ 
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Remark 4.10. This is exactly what happens in the case of Marsden-Weinstein reduction [23J. 

In this case, J = ( ( ^~" < J 1 ), and M = /x -1 (°)> where w G ^ 2 (M) is a symplectic form and 

: M — > g* is an equivariant momentum map: A _l to = d(fi,A) , \/A G g. One checks easily 
that JiTF) = (TMq)°, and therefore J(TMq)° = TT since J 2 = /. Hence the conditions in 
Corollary 14.91 are satisfied. 

More generally one sees that these conditions hold when J is a symplectic structure twisted by a 
B-fidd. 

Corollary 4.11. Let (M,uj) be a symplectic manifold endowed with an action of a Lie group G 
preserving the symplectic structure. Assume that there exists a G -invariant closed 2- form B on M 
and an equivariant momentum map \i : M — > q* . 

A_lu = d(fx,A) , ViGg. (8) 

Assume that is a regular value of \l and the G -action is free and proper. Thus Mo = /i _1 (0) is a 
G -invariant submanifold of M and the quotient Mq = Mq/G is a smooth manifold. Lfi*B, where 
i : Mo — » M is the inclusion, is basic with respect to the G-action, then the generalized complex 
structure 

(1 o\ (o / 1 0\ 

\B, l) J \-B b l) 

on M induces a generalized complex structure on Mq. 

Proof. Note that the assumption i*B being basic implies that TMo © (TJ 7 ) is stable under the 
bundle map ( ± \ ? ) of TM@TM*. By the discussion in Remark HT01 we know that TM © (TJF) 

is also stable under ^ ® ^ . The conclusion thus follows from Corollary 14.91 □ 
Here is yet another important situation. 

Corollary 4.12. Under the same hypothesis as in Theorem \4-8\ if moreover 

J(TT © (TM )°) n (TM © (TT)°) = 0, (9) 
then Mq admits an inherited generalized complex structure. 

In particular, if J = ^ jj _°* J is a usual complex structure, the above relation is nothing else than 
the Guillemin- Sternberg condition fiij /: 

TM = TM ®j{TF). (10) 

In this case, the induced generalized complex structure is still a complex structure. 

Proof. Since Eq. ([9]) implies Eq. ©, Condition ([5]) of Proposition 14.11 holds. Together with Eq. 
([9]), this implies that 

J(TM © (TF)°) C (TM © (TF)°) © j(TF® (TM )°). 

Since TF® (TM )° C TM © (TJF) , the projection of J(TM © (TF) ) onto TM © (TT)° parallel 
to j[TF ®(TM Q f) is equal to (TM © (T.T) ) n J(TM © (TF)°). Therefore, we have 

J(TM © (TJF) ) = (TM © (T^)°) n J(TM © (T.T) ) © J(TT © (TM )°) , 



14 



which implies that (TM © (TF) ) n J(TM © (TF) ) must be a smooth subbundle. Thus the 
conclusion follows from Theorem 14. 81 

The second part of Corollary 14.121 can be easily checked and is left for the reader. □ 

Corollary 4.13. Under the same hypothesis as in Theorem \4-8[ if moreover there exists a Riemann 
metric g such that (TJ 7 © (TMo) 1 ) © (T.7 7 © (TAfg) 1 ) is J -stable, then Mq admits an inherited 
generalized complex structure. Here _L refers to the orthogonal subspace in TM with respect to the 
metric g. 

In particular, if (M,g,j) is a G-invariant hermitian manifold such that TT © (TMo) 1 is j -stable, 
then Mq admits an inherited complex structure. 

Proof Since L := (TT@ (TMo) 1 ) 1 © {TT® (TMo) 1 ) is J-stable, one has L C (TM © (TTf) n 
J(TM © (TJF) ). Let Q be the projection of (TM © T*M)\ Mo onto (T.F) 1 © (TM ) ±0 parallel to 
TJF© (TMo) . Then, since T.F © (TM )° C TMq © (T^)°, one has 

Q(TM © (TF)°) c (TF © (TMo) 1 ) 1 © (T.F © (TMo) 1 ) = 

Now fix an element v of TM G © T*M G , and let 5 G TM © (TT)° be a lift of u. Then Q(5) is a 
lift of u in L. The bundle L being smooth, there exists a section s of L extending Q(v). Hence the 
hypothesis of Proposition 14.51 is satisfied and the result follows from Theorem 14.61 

In particular, if J = where j preserves TT ® (TMo) 1 , an( i J is orthogonal with respect 

to g, then the smooth subbundle L of TMo © (TJ 7 ) is indeed J-invariant. □ 

Remark 4.14. Note that the induced complex structure on the quotient space in Kahler reduction 
can be considered as a special case of the above situation. 

Corollary 4.15. Let (M,j) be a complex manifold endowed with an action of a Lie group G such 
that j is G-invariant. Let Mq be a G-invariant submanifold of M , where the G-action is free and 
proper so that the quotient Mq = Mq/G is a manifold. Assume that, for any X n G T n Mc, £ n G 
T*Mq, there exists a point m G Mo with ir(m) = n and local sections X G ri oc (TMo Pi JTMq), £ G 
FfocdTF + jTJ 7 ) ) such that 7r*(X| m ) = X n and vr*£ n = £| m . Then Mq admits an inherited 
generalized complex structure, which is still a complex structure. 

In particular, the above conditions are satisfied if TMq Pi jTMq and TT + jTJ- are generalized 
smooth subbundles of TMq. 

Proof. The above hypothesis is the projection of the hypothesis of Proposition 14.51 onto the tangent 
and cotangent bundles. □ 

5 Description of Jq 

This section is devoted to an explicit description of the induced generalized complex structure Jq 
under the assumption that the hypothesis of Theorem 14.61 holds. 

Let B denote the vector bundle TM ffi(T^")° and T? 1 its (•, -)-orthogonal subbundle: Tjr©(TMo) . 
As in Corollary 14. 2| we know that every vector in TMq © T*Mq has a lift in B n JB. In other 
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words, the restriction of the bundle map IT (as in Eq. ([3])) to B n JB is surjective. Then H\ BnJB 
induces a G-invariant vector bundle map 



BnJB 

ker(n| SnJB ) 



• TM G © T*M G 



M G 



which is indeed a pullback bundle. Note that keri£ n j£ = B 1 - n JB. Now, by Corollary 14.21 and 
PropositionSTTl we have JB^C\B C B 1 . Moreover since B L C B, we thus have JB ± f)B C B ± nJB. 
Since J 2 = -I, it follows that JB L C\ B = B L P\ JB. It is simple to see that B L n is J-stable. 
Therefore, J\bc\JB induces a bundle isomorphism 



BnJB 
b^djb 



Mo 



J' 



id 



BnJB 
B^nJB 



M 



whose G-invariance implies that it factorizes through H so that it induces a bundle map J G as the 
inherited generalized complex structure 



TM G T*M G 



M G 



Jg 



id 



TM G © T*M G 



M G . 



Thus we obtain the following 



Theorem 5.1. Under the same hypothesis of Theorem \4-b\ the induced generalized complex struc- 
ture J G on M G can be described by the following commutative diagram. 



TM © T*M ■ 



■ TM © T*M 



BnJB 



BnJB 



BnJB 
B^nJB 



J' 



BnJB 
B ± nJB 



TMq © T*M G 



Jg 



TM G © T*M G 



Hence, ifv G BnJB is a lift ofv G TM G ®T*M G , then Jv G BnJB is a lift of J G v G TM G ®T*M G . 

Remark 5.2. In [9], Crainic showed that a generalized complex structure J is an endomorphism 
of the generalized tangent bundle TM © T*M built out of a Poisson bivector ir, an endomorphism 
iV of the tangent bundle and a 2-form a: 



J 



N 



7T H 
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with N 2 + 7r"<7[, = — idn, which satisfy some compatibility conditions resembling those given by 
Kosmann-Schwarzbach, Magri and Morosi [171122] in their definition of Poisson Nijenhuis structures 
(see also [18, 28J). It would be interesting to investigate the meaning of each component for the 
reduction J G . 

6 Reduction of Generalized Kahler structures 

Generalized Kahler structures as introduced by Hitchin [13] and Gualtieri [10] consists of a pair of 
commuting generalized complex structures (Ji, J 2 ) such that < J\ J 2 •, • > is positive definite. 

Example 6.1. If (M,uj,j) is a usual Kahler manifold, then 



defines a generalized Kahler structure. 

As in Section HI we assume that Mq is a G- invariant submanifold of M where the G-action is free and 
proper so that the quotient Mq = Mq/G is a manifold. Since TM ®T* M decomposes as the direct 
sum of four different subbundles with each being constituted of the common eigenvectors of J\ and 
J 2 determined by a given pair of eigenvalues, it is natural to ask if the reduction procedure outlined 
in Section [5] can be applied to J\ and J 2 simultaneously to get a generalized Kahler structure on 
the quotient Mq. 

Let us introduce some notations. By and E± we denote the ±z-eigenbundles of J\ and J 2 
respectively. Let B C = B®C. For any subbundle V of T C M © T^M, $(V) denotes the subbundle 
U(V n B c ) of T C M G © VV where II is the bundle map as in Eq. ©. 

Proposition 6.2. Assume that (Ji, J2) are a G-invariant Kahler structure. 
1. The following two statements are equivalent: 




t c m g © t c m g = $(E + n e+) + <s>(E+ n £_) + n e + ) + ${et n EJ) 



(11) 



and 



u(B n JiB n j 2 b n j x j 2 b) = tm g © t*m g , 

where, as in Section^ B = TMq © (TJ 7 ) . 
2. In case the above condition is satisfied, then the above sum is direct and 



^{E ± n e±) = $(^ ± ) n $(E±). 



Proof. 



1. I =>• I Take v G TMq © T*Mq. By assumption, it can be decomposed as 

v = U(v+) + Il(v±) + 11(5+) + U(vZ) 
where e E ± D E ± D B c . Let 



v = vT + V_ + V 1 + v_ 



Then v e B c and U(v) 



v. Hence v is a lift of v. Moreover 



J\v = i(ut + v_ — v, — v_) G Be and ^2^ = — + £> + — v_) G -Be- 
Hence, {5 G Ji-Bc an d u G J2-BC since 

J2 = Jf = —J. Therefore Re(v) £ Bn^Bn J 2 B n 

Ji J 2 B is a lift of f G TM G © T*M G . 
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Conversely, if any v G TM G © T*M G has a lift 6 in 5 n J\B n J 2 -B n Jj J 2 #, one has 

« = n(i(7 - »Ji)|(/ - U 2 )v) + (|(/- iJOiC/ + »J 2 )t5) 

+ (±(/ + iJi)±(/-iJ 2 )£) + (i(J + iJi)i(J + iJ 2 )u). 

Eq. (HH) thus follows. 
2. Finally, since 

$(E ± nE ± ) C $(-E±), (12) 

the condition 

t c m g e t^m g = $(E + n £+) + n £_) + $(£~ n e+) + $(£~ n EJ) (13) 

implies that 

T C M G @T^M G = $(£+)n$(£ + ) + $(£ + )n$(£_) + $(£~)n$(£+) + $(£-)n$(£_) (14) 
and 

T C M G © T£M G = $(£+) + $(£T), T C M G © T^M G = $(£+) + $(£_). 

Applying Proposition 14.11 to Ji and J 2 , we obtain 

$(£+) n$(£T) = and n <!»(£_) = 0. 



This implies that the sums in ([130 and ([140 must be direct. Hence Eq. ([120 implies that 

$(£± n £±) = $(£±) n *(£?±). 

□ 

Theorem 6.3. Let (M, J±, J 2 ) 6e a G-invariant generalized Kdhler manifold. Assume that Mo 
is a G-invariant submanifold of M where the G-action is free and proper so that the quotient 
M G = Mq/G is a manifold. If, for any v n G TM G ®T*M G , there exists a point m G Mq and a local 
smooth section ( o/Bfl J\B n J 2 B n J\J 2 B — > Mo around m such that II(£| m ) = v n , then there 
exists an inherited generalized Kdhler structure (Ji G , Jig) on M G such that 

U(J lW ) = J 1G U(w) , 

Vw G BnJ 1 BnJ 2 Bf]J 1 J 2 B. (15) 

U(J 2 w) = J 2G U(w) 
In particular, this condition holds if 

• B = B n JiB n J 2 B n J X J 2 B + S- 1 and 

• B <~) J\B n J 2 i? n J\J 2 B is a generalized smooth subbundle. 



Proof. According to Theorem 14.61 the generalized complex structures J\ and J 2 induce a pair of 
generalized complex structures J\ G and J 2G on M G satisfying Eq. ([15]> . Let E f± and £y_ denote 
their ±i-eigenbundles respectively. By Proposition I6.2[ we have 

T C M G © T^M G = (E' + n E' + ) © {E' + n © (#'~ D E' + ) © n E'_) , 
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which implies that J\q and J 2 q commute. 

Finally, for v G TM G © T*M G , choose w £ B n J X B n J 2 # n J\J 2 B. By Eq. (JTSJ) , we have 

< J\gJ2g v i v >=< JiG^2Gn(w),n(w) >=< n(JiJ 2 w),n(w) >=< JiJ 2 w,w >, 

where the last equality follows from the fact that U\b preserves the scalar products. It thus follows 
that < J\gJ 2 g •, • > is positive definite. This concludes the proof. □ 

The following corollary is to Theorem 16.31 what Corollary 14. 131 is to theorem 14.61 

Corollary 6.4. Let (M, J\, J 2 ) be a G-invariant generalized Kahler manifold. Assume that Mq is 
a G-invariant submanifold of M , where the G-action is free and proper so that the quotient Mg = 
Mq/G is a manifold. Assume that there exists a Riemann metric g such that (TT © (TMq) ) © 
(TJ- ® (TMq) ) is stable under both J\ and J 2 , then Mg admits an inherited generalized complex 
structure. 

Proof. The proof is exactly the same as for Corollary 14. 131 except that, here, since L is both J\- and 
J2-invariant, one has L C Bf\J\Br\J 2 BC\J\J 2 B. Then the conclusion follows from Theorem l6.31 □ 

As proved by Gualtieri [TO], a generalized Kahler structure (J\,J 2 ) on a manifold M is fully char- 
acterized by a quadruple (g, b, J+, J-), where g is a Riemannian metric, b is a two form and J± are 
two (integrable) complex structures on M, compatible with g, such that 

db(X, Y, Z) = duj±(J±X, J±Y, J±Z), VX, Y,Z G %{M) 

with uj± G Q 2 (M) defined by (co±X,Y) = ±g(J±X,Y). These data explicitly determine the pair of 
generalized complex structures: 

Jl 

Here, for simplicity, we identify a 2-form with its associated bundle map. 

Using exactly this same g and applying Corollary 16.41 we are led to the main result of this section, 
which generalizes the usual Kahler reduction [121 116j . 

Theorem 6.5. Let (M,J\,J 2 ) be a G-invariant generalized Kahler manifold. Assume that Mq 
is a G-invariant submanifold of M , where the G-action is free and proper so that the quotient 
Mg = Mq/G is a manifold. Let (g,b,uj + ,uj-) be the quadruple associated to a generalized Kahler 
structure (J\,J 2 ) as in J10\/ . If uj±(TJ : ) = (TMq) and (TT) 1 ' n TMq is stable under u± b, then 
Mq inherits a generalized Kahler structure. 

Proof. It is sufficient to check that the conditions in Corollary 16.41 are satisfied. 

First, since u± are antisymmetric and non-degenerate, uj±(TJ r ) = (TMq) implies u±(TMq) = 



x (l 0\(J + + J_ — (w+ + uZ j\ ( 1 0\ 
2 \b 1^++^- -(J*+ + J-) J \~b l) 

2 U 1 U + -u,_ -(J* + -J1) J 1-6 1 ■ 
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Second, uj±(TJ : ) = (TMq)° also implies to±(TJ :± ) = (TM^ because J± are isometric with respect 
to g. Therefore, 

u± {TF © (TAfo) 1 ) L = uj±(TJ r - L n TMq) = (TMq)° n (TT)° = (TT © (TMo) 1 ) . (16) 

Finally, one easily checks that the image of any 

v + f e (T^®(TM ) ± ) ± ® (T^®(TM ) ± )° 

under 

lies in (TF © (TM,,) 1 ) 1 © (T.F (TA/q)- 1 ) if and only if both Eq. (USD and the condition 
w± 1 6((T^) ± n TM ) c (TF) 1 n TM hold. □ 

Note that u}±(TT) = (TMo)° is satisfied when Mq is the zero level set of an equivariant momentum 
map. Thus the theorem above reduces to the usual Kahler reduction when M is a Kahler manifold 

[niiiaiiB]. 
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